Introduction to Expected Utility & Risk Aversion
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Risk Aversion[footnoteRef:1] [1:  Exhibit 3.5 comes from Running Money by Stewart, Piros, and Heisler Chapter 3, p. 59] 

A risk neutral investor would be willing to accept a fair bet.
Example: pay $20 for the following bet 20% chance to win $100 and 80% chance to win $0.
A risk-adverse investor would pay less than $20 for the same bet.[footnoteRef:2] [2:  A risk-loving individual would be willing to pay more than $20 (think of someone that enjoys going to Vegas).] 


A risk adverse investor evaluates their investment options on the basis of expected utility.

Key Points
· Utility (happiness/satisfaction) rises with wealth[footnoteRef:3] at a decreasing rate.[footnoteRef:4] [3:  more wealth is assumed to be preferred to less.]  [4:  early wealth increases (i.e. when you buy your first home) create more utility than subsequent wealth increases (when you buy your fourth and fifth “second” home). ] 

· Goal is to maximize the investor’s expected future utility (and therefore wealth)[footnoteRef:5] [5:  Economists argue that individuals make choices to maximize expected utility.] 

· Assumes that investors are risk adverse.
· Certainty equivalent wealth is the certain amount that equals the expected utility of a risky option. The difference between expected utility of a risky option and the utility of expect wealth is the penalty (or price) for risk. 
· Risk aversion affects every aspect of portfolio design (i.e. asset allocation,[footnoteRef:6] asset selection,[footnoteRef:7] and performance evaluation). [6:  Investors with more risk aversion prefer allocating a smaller proportion of their portfolio to riskier assets (i.e. stocks vs. bonds).]  [7:  Investors with less risk aversion may be willing to place more of their equity investment into one sector (i.e. technology stocks)] 

Measuring Risk Aversion

Note: “There is little debate about the proposition that measuring risk aversion is important for how we think about and manage risk…” but two important issues arise: 1) the ability to reliably estimate risk aversion[footnoteRef:8] and 2) even if we can measure risk aversion whether we can apply it to all risky assets. [8:  “most individuals are unclear about the exact form and parameters of their utility functions.” (i.e. how happy will you be when you pay off your second home?) These issues are cited from “Risk Aversion” Retrieved 1/28/12 http://pages.stern.nyu.edu/~adamodar/New_Home_Page/risk/riskaversion.htm ] 


One popular measure of investor risk aversion is the relative risk aversion[footnoteRef:9] measure which measures how the investor will react to a percent (i.e. 1%) change in wealth. [9:  The related absolute risk aversion formula measures how an investor will react to an absolute (i.e. $100) change in wealth.  ] 






It is important to note that RRA considers a % change in marginal utility, which is the second derivative (i.e. the % change in happiness as well as the % change in the rate of change) and because we have assumed that utility rises at a decreasing rate the numerator in the equation above will be negative.  Therefore the negative sign in the equation above implies that relative risk aversion is by convention positive.

Example
At time 1 you have 100 units of happiness based on $100,000 in wealth.
At time 2 you have 110 units of happiness based on $200,000 in wealth.
At time 3 you have 115.5 units of happiness based on $400,000 in wealth.

Notice that your wealth is increasing at 100% over the two time periods and your happiness increases at 10% and then by 5%.  The rate of change in happiness is therefore decreasing by 50%.  Plugging these numbers into the formula above gives us:




Finally, the higher the RRA the more pronounced the curvature of the utility function (i.e. the farther certainty equivalent wealth will be from the risky alternative).

Constant Relative Risk Aversion

Constant relative risk aversion[footnoteRef:10] implies that the proportion of wealth we are willing to expose to risk remains constant (i.e. 10%) but that the absolute amount will increase (i.e. 10% of 100K and 10% of $1M).    [10:  Decreasing relative risk aversion indicates that the proportion of wealth that we are willing to put at risk increases as wealth increases.  Increasing relative risk aversion indicates that investors are willing to risk smaller proportions of their wealth as their wealth increases.] 


Plugging our answer from the earlier example answer in as γ to the constant relative risk aversion utility (CRRA) function[footnoteRef:11] we can draw a utility curve for a given investor. [11:  Many additional utility functions exist for investment analysis, see the appendix for some examples.] 




Example from Running Money Chapter 3 pp. 60-61

Suppose you are offered the following two options:
1. 100% chance to receive $50,000 (W2) 
2. 50% chance to receive $100,000 (W3) and 50% chance to receive $0 (W1)

Assume your utility function[footnoteRef:12] displays constant relative risk aversion[footnoteRef:13] where γ = 0.5.  [12:  Note, ]  [13:  Note RRA = (1 – γ)] 








Based on the utility function that we’ve selected (CRRA), we can solve for the certainty equivalent wealth that gives us the same utility as the risky investment.




[bookmark: _GoBack]Based on this analysis, the sure thing ($50,000) would be preferred, because the expected payoff of the risky option ($50,000) is above the certainty equivalent wealth threshold of ($25,000).
Appendix: Example Utility Functions[footnoteRef:14] [14:  This chart is from “Risk Aversion” http://pages.stern.nyu.edu/~adamodar/New_Home_Page/risk/riskaversion.htm Retrieved 1/28/12] 


[image: ]

Notes:
A risk-averse individual would have a concave utility function (the top line in the chart above).  A risk-neutral individual would have a linear utility function and a risk-loving individual would have a convex utility function.[footnoteRef:15] [15:  See also http://www.econport.org/econport/request?page=man_ru_advanced_riskaversion Retrieved 1/27/12] 
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[ Gone thousand ducats is more significant to a pauper than to a rich man though both gain the same amountC, He was making an argument that the marginal utiity of wealth decreases as wealth =
increases, a view that is at the core of most conventional economic theory today. Technically, diminishing marginal utilty implics that utility increascs as wealth increases and at a declining rate.
121 Another way of presenting this notion is to graph total utility against wealth; Figure 2.1 presents the utity function for an investor who follows Bernoulils dictums, and contrasts it with utility
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functions for investors who do not.

Figure 2.1: Uriliry and Wealth
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If we accept the notion of diminishing marginal utilty of wealth, it follows that a personCs uility will decrease more with a loss of § 1 in wealth than it would increase with a gain of $ 1. Thus,
the foundations for risk aversion arc laid since a rational human being with thesc characteristics will then reject a fair wager (a 50% chance of a gain of $ 100 and a 50% chance of a loss of
$100) because she will be worse off in terms of utilty. Danicl BernoulliT's conclusion, based upon his particular views on the relationship between utility and wealth, is that an individual would
pay only about $ 2 to partake in the cxperiment proposed in the St. Petersburg paradox.(3]

While the argument for diminishing marginal utility scems cminently reasonable, it is possible that utilty could increase in lock step with wealth (constant marginal uility) for some
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Exhibit 3.5: Expected Utility & Risk Aversion
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